A new approach has been proposed to reconstruct the current density profile in Tokamak plasma.
Introduction
The boundary shape of a tokamak plasma can nowadays be smoothly identified from signals of the magnetic flux and the poloidal magnetic field, using an on-line computing methodology based on the 'filament current approximation [1] ' or the 'Cauchy-condition surface method [2] '. The next important step will be the reproduction of the spatial distribution of current density in the plasma domain whose boundary has been fixed by the above boundary-shape computation. This second process is to solve the Grad-Shafranov equation [3] [4] [5] [6] , which describes the MHD equilibrium in axisymmetric plasma like a tokamak, as a fixed boundary problem.
The most popular idea that has been widely used to reconstruct the internal current profile is to solve the Grad-Shafranov equation by iteratively adjusting a small number of free parameters characterizing the current density profile j j (the toroidal component of the plasma current). These free parameters are chosen in such a way that the measured signals of magnetic sensors will be consistent with the results predicted by the calculation [7, 8] .
In the present paper, the authors try to seek the plasma current profile in a different way; the above type of parameterization is not used in the present work. As the outline will be described in section 2, Itagaki et al. [9] derived a "boundary-only integral equation" by expanding the quantity 0 rj j µ related to the plasma current profile into two-dimensional polynomial in terms of spatial coordinates r and z . The most important feature in this formulation is that for numerical computations it requires discretization of the boundary only rather than of the plasma domain. This advantage is particularly important in a series of frequent analyses; geometry data generation and modifications are easily performed. That is, the method is well suited for on-line plasma equilibrium analysis that requires efficient data preparation and computation following the change in plasma shape during the operation of an actual fusion device. The authors believe that this boundary-only formulation shows its merit when applied to an 'inverse' problem to reproduce the plasma current profile from data fixed along the plasma boundary, as the reason for this will be suggested below.
Kurihara's Cauchy condition surface (CCS) method [2] was developed originally for the determination of the plasma boundary shape, however, it can also estimate values of the normal derivative / n ψ ∂ ∂ as well as the magnetic flux function ψ on the plasma boundary, as will be described in section 3. This means, once the plasma boundary shape and the boundary conditions are fixed by the method, the above boundary-only integral equation has no unknowns any more except for the polynomial expansion coefficients. The coefficients and then the current density profile can be easily estimated, although one needs to add some constraints to successfully obtain a unique and stable solution. A priori information and physical constraints that will be taken into account in the present work are described in section 4. For example, in section 4.4, the authors propose a new method to estimate the current density from the raw measured data on poloidal field for a certain number of points in a line. All of these constraints can be described using the polynomial form, and then they can be incorporated into the discretized form of the boundary integral equation and then form a system of linear algebraic equations to determine the polynomial expansion coefficients. The detailed methodology based on the above procedure is also described in section 4. Several numerical results are reported and discussed in section 5 and 6.
Boundary-only integral equation for the Grad-Shafranov equation
For an axisymmetric (r, z) system the Grad-Shafranov equation is given by
where the magnetic flux function ψ is defined as
with the toroidal component of vector potential A j , j j denotes the toroidal component of the plasma current, P the plasma pressure and F the poloidal current function.
Itagaki et al [9] showed that the above Grad-Shafranov equation can be transformed into an equivalent boundary-only integral equation in terms of the plasma boundary Γ ,
by assuming a polynomial expansion of the RHS of equation (1):
Here, ξ and η are dimensionless coordinates
with appropriate constants r L , z L and 0 z . Note here that equation (3) itself does not include any information related to the equilibrium condition, × p = ∇ J B , explicitly. In an actual analysis, one needs to add a restriction to consider this equilibrium condition, as will be shown in section 4.3.
In equation (2), * ψ denotes the fundamental solution which satisfies a subsidiary equation
where i δ is Dirac's delta function with the spike at the point i . The detailed form of the fundamental solution is well known and found in literatures [10] [11] [12] .
The constant i c in equation (2) 
The detailed form of ( , ) l m j is written as an infinite series [9]: (2) are all known quantities. In addition to them, the boundary values of ψ and / n ψ ∂ ∂ as well as the plasma boundary shape can be evaluated through the analysis using the CCS method with the magnetic sensor data, as the details will be described in section 3. It should be emphasized that eventually, in this case, unknown quantities left in equation (2) 
Outline of the Cauchy-condition surface method
The Cauchy-condition surface (CCS) is defined as a surface where both the Dirichlet condition and the Neumann condition are unknown. The CCS method [2] is an inverse analytic technique to determine the plasma boundary shape. 
where i W ψ is the contribution of all poloidal coils to the point i , i.e., 
Equations ( 
Present approach to reconstruct plasma current profile

Outline
A discretized form of equation (2) is applied to a number of node points located along the plasma boundary, then, one will have a simultaneous linear equation. However, the equation is not sufficient to provide reliable solutions for , l m α . To avoid the ill-condition of the problem, one needs to add a priori information and physical constraints into the above simultaneous linear equation. The whole set of the linear equations are solved using the singular value decomposition (SVD) technique [13] to determine 
A priori information and physical constraints
A priori information and physical constraints taken into account in the present work are as follows.
(1) The total plasma current is known.
(2) Zero-current condition is prescribed for each point along the plasma boundary. 
Detailed constraints derived from the equilibrium condition
Kurihara transformed the equilibrium condition p × = ∇ J B into a scalar relationship between the plasma current and the poloidal field [14] , ( ) 
Here one must note that the above two types of constraints require 'iterations' to solve alternatively the 'unknown' magnetic flux profile from the current density distribution. Usually the not-converged current density solution given at an early stage of iteration looks "dirty", as will be shown in section 5, however, the quality of the flux profile calculated using even this dirty current density does not tend to be very bad. This can be understood from the mathematical form of the Grad-Shafranov equation. Thus the applications of equations (9) and (10) to the calculated magnetic flux are successful in a practical sense.
Current density estimated from measured poloidal field
As some researchers [10, 15, 16] [17] .
The authors use a method similar to that described in the literature [18] to estimate the current density from the raw measured data on poloidal field. As will be shown in section 5, the calculated magnetic surfaces in an inverse equilibrium analysis are almost similar to the true ones even when the iteration is not yet converged. Due to this fact, one here assumes that the ratio of the poloidal field components obtained in the inverse analysis, say, The values of r B in z-direction (where no measured data is given) can then be given by 
Substituting equations (11) and (12) into the equation derived from Ampere's law,
one finally obtains the current density at the point ( , ) r z . Values of j j thus calculated will be imposed as constraints at some points in a line.
Whole matrix equation to determine polynomial expansion coefficients
Conveniently enough, the above various constraints can be all expressed using the polynomial expansion approximation given by equation (3) . The constraints are now rewritten as follows.
(i) From the boundary integral equation (2) for each node point i along the boundary, one has
( 1, 2, , )
where
(ii) The total plasma current is defined as I j d
As the domain integral 
(vi) From the equilibrium condition given by equation (9), one can derive a relationship between two points 2 1 q − and 2q that have the same value of magnetic flux., , , Equation (20) is solved using the singular value decomposition (SVD) technique [13] . In this technique, the matrix A is decomposed as = 
using the Tikhonov regularization parameter γ .
Numerical demonstration for a parabolic current profile
One here considers a problem to model the JT-60 tokamak-device. By the courtesy of Japan Atomic Energy Research Institute (JAERI), the reference data of plasma boundary, distributions of plasma current density and magnetic flux were firstly provided, which had been obtained from a 'forward' analysis using a reliable equilibrium code, SELENE [20] . This equilibrium computation was made based on a "parabolic" current profile parametrization that has the form calculation, and they can be used as input conditions for the following inverse analysis based on the CCS method to give both the plasma boundary shape and the boundary conditions.
Plasma boundary calculation using the CCS method
In the CCS computing code that was made in Hokkaido University, 3 quadratic boundary elements [21] and then 6 nodal points are used to model the Cauchy condition surface.
Solid lines in figure 3 show the contours of the magnetic flux obtained using the CCS method, while the dotted line denotes the plasma boundary evaluated by the SELENE code. The profiles of magnetic flux drawn inside the outermost magnetic flux surface, obtained using the CCS method, have no physical meaning. Nevertheless, the outermost magnetic flux surface agrees quite well with the reference boundary shape calculated by the SELENE code. 
For this JT-60 problem, in which the total current （correct answer） is 1.440MA, the value numerically calculated using equation (23) is 1.438MA （the relative error is under 0.2％）. This suggests that the measurement of the total plasma current would be unnecessary in some situations (see also section 5.5).
Reconstructed profiles of current density and magnetic flux in plasma
To discretize the boundary integral equation (2), the plasma boundary was approximated by a polygon that has 80 sides, i.e., a total of 80 constant boundary elements [9, 21, 22] were employed. A 8-th order complete polynomial was adopted to approximate 0 r j j µ , and hence the polynomial consists of a total of 45 unknown coefficients. The constraints (1) to (4) listed in section 4.2 were added to the above boundary integral information to assemble the whole matrix equation. The total plasma current was set to be 1.440MA, the same value that was used for the SELENE forward analysis. Also, the condition of zero magnetic flux was prescribed along the plasma boundary. The
Tikhonov regularization parameter is set to be 
Residual errors of the matrix equation
Now one compares the original right-hand side vector of matrix equation (20) with the result of (matrix)*(solution vector) in the 5th iteration. The relative residual errors of equation (14), a subset of equation (20), which is related to 80 boundary integral equations, are less than 1.5% but 0.7% in average. For equation (15) , the relative residual error of total current (1.429MA to the reference 1.440MA) is 0.7%. The average error of the 17 estimated current densities in equation (17) is 3.5%, but the maximum error reaches 19.3%. For equations (16) , (18) 
The effect of measurement errors
The effect of measurement errors on the reconstruction was also studied. Noises were numerically generated using normal (Gaussian) random numbers with a 3% standard deviation and added to both the magnetic sensor signals and the measured poloidal field. Compared to figure 7(a), the quality of the profile has been well improved and considerably close to that in figure 6 (a). It is also understood from this result that the errors of magnetic sensor signals are not very sensitive to the reconstruction since the CCS computation is made in a least square sense as described in section 3. 
The restriction on the total plasma current
As another important matter, it should be reported here, the fact is, that the restriction on the total plasma current is unnecessary. There is no distinct difference between solutions reconstructed with and without this constraint. This is because the given information on the boundary conditions of n ψ ∂ ∂ are enough to specify the total current, as suggested at the end of section 5.1. The introduction of this constraint, however, never disturbs the reconstruction. Test calculations shown in this section were all performed with this restriction of total current.
Some other test calculations
The current density profile has been well reconstructed for parabolic plasma in section 5. In this section, one deals with problems of a hollow current profile and an up-down symmetric configuration, both of which are more challenging than a parabolic profile.
A hollow current profile
The hollow current profile considered here is given by the parameterization the boundary shape and boundary conditions were given in the same way described in section 5.1.
The current profile reconstruction was made also using the same conditions and procedure shown in section 5.2, except that the Tikhonov regularization parameter was set to be The drawback of the present method is that it cannot solve precisely a problem of up-down symmetry. One of the reasons is that some of the equilibrium pairs of condition given by equation (19) cause the matrix to be singular when applied to such geometry. Further, the set of equation (14) itself is very ill-conditioned for this up-down symmetry. However, the application of the Tikhonov regularization has an effect to stabilize the matrix singularity and ill-posedness. surface were not used to apply the equilibrium condition (19) . Instead, for 3 pairs in z-direction on each surface one applies a new condition that both point of each pair has the same current density.
Because of no application of the regularization, the current profile in the early stages of iteration was severely violated, however, the profile was gradually improved. Figure 9 (b) is the result in the 10th
iteration. The quality of the profile is almost the same as in figure 9 (a). In future the "method of images [23] " is worth trying to avoid the ill-posedness of the set of equation (14) caused by the up-down symmetry. 
Conclusions
A new approach to reconstruct the plasma current profile has been proposed, and the discussion was made about its validity. As a result, the following conclusions have been obtained:
1. The iteration to impose the equilibrium conditions converges well.
2. For a reliable reconstruction it is effective to introduce the current densities estimated from measured poloidal fields using the technique shown in section 4.4 to a certain number of points in the plasma interior.
3. The reconstructed result is quite accurate at least for parabolic plasma. However, more effort must be made to expand the application of the present method to various types of plasma current profiles.
4. According to the test calculations assuming random noise with a 3% standard deviation, the error caused by the magnetic sensor signal noise is almost negligible, while the noise on the measured poloidal field can be smoothed to obtain an acceptable quality of current profile, as shown in section 5.4.
5. The restriction on the total plasma current is unnecessary 6 . Guidelines need to be established for the best combination of analytic conditions as well as to seek the optimized value of the Tikhonov regularization parameter.
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